Multi-speed prethermalization in spin models with power-law decaying
  interactions by Frérot, Irénée et al.
Multi-speed prethermalization in spin models with power-law decaying interactions
Ire´ne´e Fre´rot1 , Piero Naldesi 2,3 and Tommaso Roscilde1,4
1 Univ Lyon, Ens de Lyon, Univ Claude Bernard,
CNRS, Laboratoire de Physique, F-69342 Lyon, France
2 Dipartimento di Fisica e Astronomia dell’Universita` di Bologna, Via Irnerio 46, 40127 Bologna, Italy
3 INFN, Sezione di Bologna, Via Irnerio 46, 40127 Bologna, Italy and
4 Institut Universitaire de France, 103 boulevard Saint-Michel, 75005 Paris, France
(Dated: October 16, 2018)
The relaxation of uniform quantum systems with finite-range interactions after a quench is gener-
ically driven by the ballistic propagation of long-lived quasi-particle excitations triggered by a suffi-
ciently small quench. Here we investigate the case of long-range (1/rα) interactions for d-dimensional
lattice spin models with uniaxial symmetry, and show that, in the regime d < α < d + 2, the en-
tanglement and correlation buildup is radically altered by the existence of a non-linear dispersion
relation of quasi-particles, ω ∼ kz<1, at small wave vectors, leading to a divergence of the quasi-
particle group velocity and super -ballistic propagation. This translates in a super-linear growth of
correlation fronts with time, and sub-linear growth of relaxation times of subsystem observables
with size, when focusing on k = 0 fluctuations. Yet the large dispersion in group velocities leads to
an extreme wavelength dependence of relaxation times of finite-k fluctuations, with entanglement
being susceptible to the longest of them. Our predictions are directly relevant to current experi-
ments probing the nonequilibrium dynamics of trapped ions, or ultracold magnetic and Rydberg
atoms in optical lattices.
Introduction. The relaxation of the pure state of a
generic quantum many-body system following a quantum
quench is a complex phenomenon: there each subsystem
sees its reduced state reach thermal equilibrium (or a
non-equilibrium steady-state) via the drastic rearrange-
ment of correlations with its exterior, acting as a bath
[1, 2]. A particularly dramatic case – yet highly relevant
experimentally – concerns the choice of a factorized ini-
tial state, in which each subsystem admits a pure-state
(zero-entropy) description. The buildup of entropy and
fluctuations towards equilibration requires therefore the
growth of entanglement and correlations between subsys-
tems, namely the flow of information from each subsys-
tem to its exterior. The post-quench dynamics of entan-
glement and correlations strongly depends a priori on the
peculiar system under investigation. Yet, in generic sys-
tems with short-range (SR) interactions and translational
invariance, a seemingly universal picture emerges for suf-
ficiently small quenches, as shown both theoretically (see
Ref. [3] and refs therein) as well as experimentally [4, 5].
In such a picture (see Fig. 1(a) for a sketch) correla-
tions and entanglement establish because of the ballistic
propagation of quasiparticle excitations (QP) triggered
by the quench. As a consequence 1) correlations reorga-
nize over distances which grow linearly in time (within a
so-called “causal cone” or “light cone”) consistent with
Lieb-Robinson bounds [6] on the propagation of signals
in quantum systems – and, as a consequence, subsystem
fluctuations (which are integrals of correlation functions)
grow linearly in time as well. The velocity of correlation
fronts is twice the maximum group velocity of the QP
– this is consistent with correlations among two points
being established by counter-propagating QP originating
from the midpoint; 2) entanglement entropy (EE) grows
linearly in time as a consequence of ballistic QP travers-
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Introduction. The relaxation of the pure state of a
generic quantum many-body system following a quantum
quench is a complex ph omen n: there each subsystem
sees its reduced state reach thermal equilibrium (or a
non-equilibrium steady-state) via the drastic rearrange-
ment of correlations with its exterior, acting as a bath
[1, 2]. A particularly dramatic case – yet highly relevant
experimentally – concerns the choice of a factoriz d ini-
tial state, in which each subsystem admits a pure-state
(zero-entropy) descrip ion. Th buildup of ntropy and
fluctuations towards equilibration requires therefore the
growth of entanglement and cor el tions betwee subsy -
tems, namely the flow of information from each subsys-
tem to its exterior. The post-quench dynamics of entan-
glement and correlations strongly depends a priori on
the peculiar system under investig tion. Yet, n generic
systems with short-range (SR) interactions and trans-
lational invariance, a eemingly universal picture seems
to emerge for su ciently small quenches, as shown both
theoretically (see Ref. [3] and refs therein) as well as ex-
perimentally [4, 5]. In such a picture (see Fig. 1(a) for a
sketch) correlations and entanglement establish because
of the ballistic propagation of quasiparticle excitations
triggered by the quench. As a consequence 1) correla-
tions reorganize over distances which grow linearly in
time (within a so-called “causal cone” or “light cone”)
consistent with Lieb-Robinson bounds [6] on the prop-
agation of signals in quantum systems – and, as a con-
sequence, subsystem fluctuations (which are integrals of
correlation functions) grow linearly in time as well. The
velocity of correlation fronts is twice the maximum group
velocity of the quasiparticles – this is consistent with cor-
relations among two points being established by counter-
propagating quasiparticles originated from the midpoint;
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FIG. 1. Pre-thermalization scenario for short- vs. long-range
interactions. (a) For short-range interactions, the prether-
malization process in a subsystem (A) exhibits a unique char-
acteristic time scale for both entanglement and fluctuations,
given by the ratio of the linear size of the subsystem to twice
the maximum group velocity of quasi-particle excitations [7];
(b) For long-range interactions, the group velocity of quasi-
particle may range from infinity to zero, introducing a broad
range of time scales: the dynamics of long-wavelength fluc-
tuations is sensitive to the fastest modes, while entanglement
dynamics is sensitive to all modes including the slowest ones.
ENRICH THE GRAPH IN THE SKETCH by adding
the behavior of fluctuations, and the indication of a
time scale ⇠ lA and a time scale ⇠ lzA!
2) entanglement entropy grows linearly in time as a con-
sequence of ballistic quasi-particles traversing a subsys-
tem [7].
Very interestingly, the above universal picture of post-
quench dynamics breaks down in the presence of long-
range (LR) interactions which decay as a power-law 1/r↵
of the distance r – stirring a considerable recent activ-
ity both in theory [8–16] and experiments [17, 18]. In
particular, in contrast with SR interactions, one gen-
erally observes that 1) correlation fronts can move in
a super-ballistic fashion (namely faster than linearly in
time) for su ciently small values of ↵; 2) the growth of
entanglement entropy can be sub-linear in time (and as
slow as logarithmic for small ↵). This very rich phe-
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[1, 2]. A particularly dramatic case – yet highly relevant
experimentally – concerns the choice of a factorized ini-
tial state, in which each subsystem admits a pure-state
(zero-entropy) description. The buildup of entropy and
fluctuations towards equilibration requires t erefore the
growth of entanglement and correlations betw en subsys-
t ms, namely t fl w of information fro e ch subsys-
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glement and correlation strongly d pends a priori on
the peculiar system under investigation. Yet, in generic
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lational invariance, a seemingly universal picture seems
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given by the ratio of the linear size of the subsystem to twice
the maximum gro el cit f quasi-particle excitations [7];
(b) For l ng-ra ge interactions, the group velocity of quasi-
partic may range from infi ity to zero, introducing a broad
range of time scales: the dy amics of long-wavelength fluc-
tuations is sensitive to the fastest modes, while entanglement
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Introduction. The relaxation of the pure state of
generic quantum many-body system followi g a quan um
quench is a omplex phenomen n: there each subsyste
sees its r duced st t reach ther l ilibrium (or a
non-equilibrium ste dy- ate) vi rastic re rrang -
ment of correlati ns with ts ext i , ct ng s bath
[1, 2]. A particularly dramatic case – yet highly relevant
experimentally – concerns th choice of a factorized ini-
tial sta e, in which each ubsystem admits pure-state
(zero-entropy) description. The buildup of entropy a d
fluctuations towards equilibration requires therefore the
growth of en angl me t and orr lati ns between subsys-
em , na ely t fl w of informa ion fro each subs s-
tem to its exteri r. The po -quench dy amics of entan-
glement and correlati s str gly depends priori on
the peculiar system und r investigation. Yet, in g neric
systems with shor -range (SR) interactions and trans-
lational invariance, a seemingly universal picture seems
to emerge for su ciently smal quenches, as shown both
theoretically (see Ref. [3] and refs the in) as well ex-
perimentally [4, 5]. In such a picture (see Fig. 1(a) for a
sk tch) correlati ns and nt gl me t stablish because
of the ballistic propagati n of quasiparticle excitations
trigger d by the quench. As a con quence 1) rrela-
tions reorganize over distances which grow linearly in
time (within a so-called “causal one” or “light cone”)
consistent wi h Lieb-Robinson ounds [6] on the rop-
agation of sig als in quantum syste s – and, as a con-
sequence, subsystem fluctuations (which are integrals of
correlati n functions) gr w linearly i time as well. The
velocity of correlati n fronts is twic the aximum gro p
velocity of the quasiparticles – his is con istent with cor-
relations am g two points being established y counter-
propagating quasiparticles originated from the midpoint;
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malization process in a subsystem (A) xhibits a unique char-
acteristic ime s ale for both entanglement and fluctuations,
given by the ratio of the linear size of the subsystem to twice
the maximu group velocity of quasi-particle excitations [7];
(b) For l ng-ra ge interact ns, the gro p velocity of quasi-
partic may range from infinity to zero, introducing a broad
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tuations is sensit ve to the fastest mod , while entanglement
dynamics is sensit ve to all modes including the slowest ones.
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2) entangl me t entropy grows linearly i time as a con-
seque ce of ballistic qua i-par icl s trav rsing a subsys-
te [7].
Very interest gly, the above universal picture of post-
quench dy amics break down in the presence of long-
range (LR) interactions wh ch decay as a power-law 1/r↵
of the distance r – stir ing a co siderable recent activ-
ity both in theory [8–16] and experiments [17, 18]. In
particular, in contrast with SR interactions, one gen-
erally observes that 1) correlati n fronts can move in
a super-ballist ashion (namely f st r than linearly in
time) for su ciently smal values of ↵; 2) the growth of
entangl me t entropy can be sub-linear in time (and as
slow as l garithmic for small ↵). This very rich phe-
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FIG. 1. Pre-thermalization scenario for short- vs. long-range
interactions. (a) For SR interactions, the prethermalization
process in a subsystem (A) exhibits a u ique characteristic
time scale f r both en anglement e t opy (EE) and flu tua-
tions (F), given by the ratio of the linear size of the subsystem
(lA) to twice the maximum group velocity of the quasiparticle
xcitations [3]; (b) For LR inter ctions, th QP group v locity
may range from infinity to zero, introducing a broad range of
time scales: the dynamics of long-wavelength fluctuations is
sensitive to the fastest modes, while entanglement dynamics
is s nsitive to all modes incl ding the slowest ones.
ing a subsystem [7].
Very interestingly, the above universal picture of post-
que ch dynamics breaks own in the presen e of long-
range (LR) interactions which decay as a power-law 1/rα
of the distance r – stirring a considerable recent activity
both in theory [8–16] and experiments [17, 18]. In par-
ticular, in contras with SR int ractions, one generally
observes that 1) correlation fronts can move in a super-
ballistic fashion (namely faster than linearly in time) for
sufficiently small values of α; 2) the growth of EE can be
sub-linear in time (and as slow as logarithmic for small
α). This very rich phenomenology lacks universal traits,
and it escapes so f r a unifying picture; as an example,
rigorous generalizations of the Lieb-Robinson bounds to
LR interactions [12, 19, 20] reveal to be loose compared
to the actual observ tions on specific ystems. At the
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2same time the importance of closed, nonequilibrium LR-
interacting systems is augmented by their experimental
realization in atomic physics via trapped ions [17, 18],
magnetic atoms [21], Rydberg atoms [22] and dipolar
molecules [23].
Inspired by the potential of the above cited experimen-
tal setups to realize quantum spin models with LR inter-
actions, we provide in this work a complete picture of the
quench dynamics in paradigmatic XX spin models with
1/rα interactions in arbitrary (d) dimensions. Indeed we
show that a QP description – via linear spin-wave (LSW)
theory, corroborated in d = 1 by density-matrix renor-
malization group (DMRG) calculations – allows one to
achieve a unifying picture for the dynamics of correla-
tions, fluctuations and entanglement. The contradiction
between the fast dynamics of correlations and fluctua-
tions and the slow growth of entanglement is resolved
by a scenario of multi-speed prethermalization [24] (see
sketch in Fig. 1(b)), in which LR interactions lead to the
divergence of the maximum group velocity, so that the
velocities of QPs moving with different wavevectors span
an infinite range. Different Fourier components of local
fluctuations possess relaxation times which scale as the
inverse of the corresponding group velocities, allowing
one to reconstruct (both theoretically as well as exper-
imentally) the multi-speed nature of the prethermaliza-
tion process. The growth of the EE, on the other hand,
is sensitive to the dynamics of fluctuations at all wave-
lengths, and as a consequence it is much slower than the
evolution of the fastest fluctuations.
Model and methods.— We center our analysis on the
quantum XX model with 1/rα interactions (hereafter de-
noted as αXX model), describing quantum s-spins local-
ized at the nodes of a d−dimensional lattice, interacting
with a power-law decaying exchange interaction :
HαXX = −J
∑
i 6=j
|ri − rj |−α
(
Sxi S
x
j + S
y
i S
y
j
)
. (1)
Here Sβi (β = x, y, z) are quantum spin operators de-
fined on the sites of a d-dimensional hypercubic lattice.
The results presented here are restricted to the case
s = 1/2, although they are immediately generalizable
to arbitrary s values. Special emphasis is put on the case
α = 3, relevant to dipolar systems [11, 21, 22]. We fo-
cus our study on the unitary quench dynamics |Ψ(t)〉 =
exp(−iHαXXt)|Ψ(0)〉 generated by the αXX Hamiltonian
starting from the factorized state |Ψ(0)〉 = | ↑x〉⊗N of
spins polarized along the x axis, which is both of fun-
damental interest, as well as of practical relevance for
experiments [25]. When considering the case of ferromag-
netic interactions J > 0, one immediately recognizes that
|Ψ(0)〉 is the mean-field ground state of the Hamiltonian
– which is expected to be an increasingly good approxi-
mation to the exact ground state of the αXX model for
large d and small α [26]. As a consequence, the energy
injected by the quench leads the system to relax towards
a low-temperature regime which exhibits long-range fer-
romagnetic order in the xy plane – this is true in d = 3
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 25  50  75  100  125
r
 0
 4
 8
 12
 16
 20
 24
t/
τ
d=1 -DMRG
 5  10  15  20  25  30  35
r
 0
 1
 2
 3
t/
J
 2  3  4  5
rz
 0
 4
 8
 12
 16
 20
 24
t/
τ
 1.4  1.6  1.8  2  2.2  2.4
rz
 0
 1
 2
 3
t/
J
 0
 1
 2
 3
 4
 5
(a) (b)
(c) (d)
FIG. 2. Curved light-cone dynamics. (a-b) Evolution of the
correlation function |Czz(r, t)| (a) α = 3 in d = 2 from LSW
theory (r = (r, 0) and Lx = Ly = 300, the signal has been
multiplied by 1000; time is in units τ = (2sJγ0)
−1); and (b)
α = 1.5 in d = 1 from DMRG (L = 40, signal multiplied
by 50). (c-d) Same as (a-b) but plotted in the (rz, t) plane,
where z = 1/2 in (c) and z = 1/4 in (d). Dotted lines are
guides to the eye.
for any α, while it requires α < 2d in d = 1, 2 to stabilize
long-range order at low but finite temperatures [27] [28].
Under these circumstances, a description of the Hamilto-
nian in terms of harmonic fluctuations around the mean-
field ground state – namely LSW theory – is very well
justified, and its quantitative validity can be monitored
systematically during the time evolution. Moreover, as
discussed in the Supplementary Material (SM - [27]) the
time-reversal symmetry of the αXX Hamiltonian and of
the initial state leads to the remarkable property that the
forward- and backward-evolved states |Ψ(t)〉 and |Ψ(−t)〉
give the same expectation values for time-reversal sym-
metric observables as well as for the EE: as a consequence
all of our results apply as well to the evolution driven by
the antiferromagnetic Hamiltonian (J < 0), for which
the initial state we choose is a superposition of highly
excited eigenstates.
The central output of LSW theory [26, 27] is the re-
duction of the Hamiltonian Eq. (1) to that of free bosonic
QP, H ≈∑k ωkβ†kβk, with the dispersion relation
ωk = 2sJγ0
√
1− γk/γ0 (2)
where γk =
∑
r 6=0 e
ik·r|r|−α is the Fourier transform of
the interaction. The long-wavelength behavior of this
dispersion relation is strongly affected by the value of the
α exponent: indeed for small k one finds [26] that ωk ≈
c(α)kz, where the exponent z has value z = 1 for α ≥ d+
2 – continuously connecting with the well-known case of
nearest-neighbor interactions [29] – while z = (α−d)/2 <
1 for d ≤ α ≤ d + 2, and z = 0 for α ≤ d. When z =
1 the QP excitations have a well-defined, α-dependent
maximum group velocity vmax = c, which also sets a
3characteristic time scale t∗(l) = l/(2c) for relaxation of
observables in a subsystem of linear size l, in accordance
with the universal SR picture of post-quench dynamics.
On the other hand, the regime with z < 1 is characterized
by a divergent group velocity as k → 0, vmax ∼ kz−1,
suggesting the breakdown of the SR picture. This result
is on par with the field-theoretical (i.e. long-wavelength)
description of the Hamiltonian Eq. 1, corresponding to
a 2-component (d + 1)-dimensional critical field theory
with dynamical critical exponent z [27]. In the following
we shall particularly focus on the intermediate regime
d ≤ α ≤ d+2, exemplified by the experimentally relevant
case of dipolar interactions (α = 3) in d = 2. [30]
From straight to curved light cones. A fundamental
trait of the post-quench dynamics is represented by the
characteristic buildup of spin-spin correlations starting
from the uncorrelated, factorized state – in the follow-
ing we shall concentrate on the correlation function for
the z spin component Czz(r, t) = 〈δSzi δSzi+r〉(t) where
δO = O− 〈O〉; (see [27] for the details of its LSW calcu-
lation). In the case of α > d+2 (so that z = 1) our LSW
results in d = 2, as well as the DMRG ones in d = 1,
show a ballistic propagation of the correlation front – in
the LSW calculation the speed of propagation is consis-
tent with 2c(α). When instead the dynamical exponent z
becomes different from 1, the long-wavelength dynamics
of the system loses the Lorentz invariance characteristic
of the z = 1 case, and time and space enter very dif-
ferently in the low-energy description. This insight sug-
gests that the distance over which correlations establish
at time t advances as r ∼ t1/z, namely super -ballistically,
as a result of the divergence of the group velocity of the
fastest QP. This is precisely what is observed in both the
d = 2 LSW data [see Fig. 2(a,c)] and the d = 1 DMRG
data [Fig. 2(b,d)]: the space-time correlation fronts ac-
quire a finite curvature which is quantitatively explained
by the non-linear relationship between space and time
established by the LR interactions. The centrality of the
z exponent in determining the shape of correlation fronts
has been very recently established for the linear response
to local quenches in the field theoretical description of
the critical 1d Ising model with LR interactions, and
of 1d free fermions with LR hopping and pairing [16].
Our results extend the role of the z exponent to the case
of global quenches beyond linear response, and within
the microscopic description of bosonic critical and LR-
interacting models.
Multi-speed evolution of finite-k fluctuations. The ap-
pearance of a curved space-time correlation front, while
revealing the existence of a divergent group velocity for
QP, remains silent about the fact that this group ve-
locity spans the whole interval from ∞ to 0 when mov-
ing from the center to the edge of the Brillouin zone.
But a deeper analysis of the spatial structure of corre-
lations inside the curved light cone can capture the ex-
treme dispersion of group velocities of QPs. The guid-
ing idea is that the group velocity governs the evolution
of wave packets – namely of superpositions of Fourier
modes with frequencies tightly distributed around a ref-
erence value. For the quench under examination, LSW
predicts that the evolution of the spin structure fac-
tor Szz(k) = N−1
∑
ij∈N e
ik·(ri−rj)〈δSzi δSzj 〉t contains
a constant part plus a term oscillating at frequency 2ωk
Szz(k, t) = g
(0)
k + g
(1)
k cos(2ωkt) (3)
where g
(1)
k = sγk/4γ0 and g
(0)
k = s/2 − g(1)k . In order
to superpose these Fourier modes into a “wave packet”
one can consider the evolution of the structure factor
on a subsystem A of linear size lA (obtained by replac-
ing N−1
∑
ij∈N → l−dA
∑
ij∈A in the above expression),
which takes the form of a convolution sum in Fourier
space
SzzA (k, t) = l
−d
A
∑
q
fA(q)S
zz(k + q, t) . (4)
Here fA is the Fourier transform of the characteris-
tic function of subsystem A [27], which, for lA  1,
has support roughly corresponding to the tight interval
[−pi/lA, pi/lA]⊗d. As a result the subsystem structure
factor takes the approximate form
SzzA (k, t) ≈ g(0)k + g(1)k cos(2ωkt)
d∏
a=1
sinc
(
pit/t∗k,a
)
(5)
where t∗k,a = lA/[2vG,a(k)] and vG,a(k) = ∂kaωk is the
a-th component of the group velocity, and sinc(x) =
sin(x)/x. Hence the subsystem structure factor exhibits
the characteristic time dependence of a wave packet,
with oscillations at frequency 2ωk contained within an
envelope that decays over a characteristic time scale
t∗k = mina=1...d t
∗
k,a. Otherwise stated, S
zz
A (k, t) is a sum
of close-by frequencies which dephase over a characteris-
tic time scale t∗k, directly related to the group velocity.
As shown in the SM [27], Eq. (5) provides an excellent
approximation to the LSW data for lA ∼ O(10). This im-
plies that the subsystem structure factor exhibits a pecu-
liar form of multispeed pre-thermalization, in which each
Fourier component relaxes over a strongly k-dependent
time scale, which in turn is linear in the subsystem size
for finite k – see Fig. 3(a). On the other hand for k = 0
the group velocity diverges, which for a subsystem of
size lA implies that vG(0) ∼ c l1−zA . As a consequence
the k = 0 component of the structure factor, related
to the fluctuations of the uniform subsystem magneti-
zation as 〈δ2SzA〉/ldA, relaxes over a characteristic time
scale t∗0 ∼ lzA/(2c), scaling sub-linearly with subsystem
size. This is consistent with the super-ballistic propaga-
tion of correlations – of which 〈δ2SzA〉 simply represents
the integral over a subsystem – and it is clearly exem-
plified by the data of Fig. 3(b) for a 2d system with
dipolar interactions. Furthermore, following this line
of thinking one can introduce the Fourier transform of
the spin on a subsystem A, Szk,A = l
−d/2
A
∑
i∈A e
ik·riSzi ,
and the k-dependent correlation function Czzk (Ai, Aj) =
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FIG. 3. Multispeed prethermalization of a subsystem. (a) Evolution of the subsystem structure factor SzzA (k, t) for different
wavevectors k = (k, 0) on a 50 × 10 rectangle immersed in a 2d 400 × 400 lattice with α = 3. Dashed line: evolution of
EE of the same subsystem. Inset: corresponding frequency and group velocity along the (k, 0) axis. Symbols mark the
wavevectors at which the structure factor is evaluated on the main panel. Frequency in units of 2sJγ0; (b) Evolution of the
magnetization fluctuations 〈δ2SzA〉(t)/ld = SzzA (0, t) for different subsystem sizes. Region A is a l× l square in a 10l× 10l torus
for l = 8, 16, 24, 32. Time is rescaled to lz. Inset: same as main panel without rescalings; (c) Evolution of the entanglement
entropy EA(t)/l
d as a function of the rescaled time t/l– same geometry and sizes as in (b). Horizontal dashed line is the
stationary GGE prediction (see text). Inset: evolution of EE for a 150× 150 cylinder in a 150× 1500 torus. Dashed line is the
asymptotic prediction of Eq. (6). In all panels, time is in units of τ = (2sJγ0)
−1.
〈δSzk,AiδSz−k,Aj 〉, where Ai and Aj are two subsystems at
distance rij – so that S
zz
A (k) =
∑
Ai,Aj∈A C
zz
k (Ai, Aj),
where subsystems Ai’s tile regularly (namely without
overlaps) the subsystem A. As shown in the SM [27], the
k-dependent correlation function Czzk after the quench
exhibits a correlation front which advances at a speed
2vG,a(k) in the a-th direction (or a k-dependent light
cone, by virtue of the strong group velocity dispersion),
and consistently its integral on a region of linear size lA
relaxes on the above-cited characteristic time scales t∗k.
Entanglement dynamics. Finally we turn to the dy-
namics of the entanglement entropy (EE), defined as
EA = −TrρA log ρA, where ρA is the reduced density
matrix of subsystem A. The EE is sensitive to the relax-
ation of all forms of fluctuations, and therefore, due to
the extreme dispersion in relaxation timescales for the
Fourier components of the fluctuations, it can be ex-
pected to exhibit a much slower relaxation than long-
wavelength fluctuations. Fig. 3(c) shows indeed that
the EE obeys a scaling form EA(t) = l
d
AfE(t/lA), ex-
hibiting a characteristic time scale which grows linearly
with lA; its detailed time dependence shows a fast, sub-
linear rise at short times, followed by significant slow-
down resulting in a very broad shoulder (the broader the
smaller α). The EE dynamics can be quantitatively un-
derstood by conjecturing that it stems from the relax-
ation of independent QP modes, each contributing an
entropy seq(k) = (1 + nk) log(1 + nk) − nk log nk in the
stationary state (generalized Gibbs ensemble, GGE [31]),
where nk = 〈β†kβk〉 is the conserved number of QP in
each mode fixed by the initial state. One can then pos-
tulate the following form
EA(t) =
∑
k
f(t/t∗k)seq(k) (6)
where the sum is restricted to modes k whose wavelength
is commensurate with subsystem A (a similar form can
be proved to be exact for quenches in one-dimensional
free fermions [32]). A simple choice of the f function,
f(x) = min(x, 1), produces a very convincing agreement
with the LSW data, as shown in Fig. 3(c). This result
finally reconciles the slow EE dynamics with the ultra-
fast dynamics of correlations and long-wavelength fluctu-
ations in LR interacting systems, by exposing the depen-
dence of the EE on the slow evolution of short-wavelength
fluctuations.
Conclusions and outlook. Based on linear spin-wave
and density-matrix renormalization group calculations,
we have unveiled a scenario of multi-speed prethermaliza-
tion for lattice spin models with long-range (LR) interac-
tions. Our results reconcile the seemingly contradictory
aspects of very fast evolution of correlations and long-
wavelength fluctuations on a subsystem on the one hand,
and of the very slow buildup of entanglement entropies
on the other hand. This multi-speed scenario, obtained
explicitly for the LR interacting XX model of magnetism,
can be easily translated to other models of LR interac-
tions studied in the recent past (especially the transverse
field Ising model [8–14, 16]), allowing one to reconcile the
discrepancy between the correlation dynamics and en-
tanglement dynamics already observed in those systems.
In order to reconstruct the variety of characteristic time
scales governing the dynamics we offer a detailed diagnos-
tic tool (namely the analysis of the subsystem structure
factor) – this is of immediate interest to current exper-
iments on quantum gas microscopes, based on trapped
ions [17, 18] or neutral atoms [4, 33], which have direct
access to the diagnostics in question. As an example, the
multi-speed dynamics is realized by dipolar interactions
in d = 2, which are implemented by magnetic atoms [21]
5and resonantly interacting Rydberg atoms [22]. Hence
our results pave the way for the reconstruction of most
salient features of LR interaction dynamics to be searched
in new-generation microscope experiments, as well as in
systems beyond atomic physics (such as nano-engineered
magnets [34], ensembles of nitrogen-vacancy centers [35]
and nuclear spins [36]).
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7SUPPLEMENTARY MATERIAL for
Multi-speed prethermalization in spin models
with power-law decaying interactions
Appendix A: Theorem on time-reversal symmetry of
unitary evolution
1. General theorem
In this section we prove the following general
Theorem. Be H an Hamiltonian admitting a repre-
sentation as a real-valued matrix on a given basis |φ〉
of Hilbert space, and |Ψ(0)〉 an initial state which has
all real coefficients when decomposed on the same ba-
sis. Then, for all observables A which are represented as
real-valued matrices on the basis, the evolution of the ex-
pectation value 〈A〉(t) = 〈Ψ(t)|A|Ψ(t)〉 is invariant under
time reversal, namely
〈A〉(t) = 〈A〉(−t) . (A1)
Moreover, if the basis |φ〉 is factorized among subsystems
A and B, |φ〉 = |φ(A)〉 ⊗ |φ(B)〉, then
SA(t) = SA(−t) (A2)
where SA is the entanglement entropy of subsystem A.
Proof. The proof of the above result is readily achieved
by inserting resolutions of the identities on the basis |ψa〉
of eigenstates of H with eigenenergies Ea:
〈A〉(t) =
∑
ab
〈ψa|A|ψb〉ΨaΨb [cos(ωabt) + i sin(ωabt)]
(A3)
where we have introduced the frequencies ωab = (Ea −
Eb)/~, and the decomposition of the initial state on the
Hamiltonian eigenbasis:
|Ψ(0)〉 =
∑
a
Ψa|ψa〉 (A4)
with Ψa = 〈ψa|Ψ(0)〉. The matrix elements and scalar
products entering in Eq. (A3) are real by hypothesis (be-
cause they can always be reduced to products of real co-
efficients by inserting resolutions of the identities on the
|φ〉 basis). Hence the product 〈ψa|A|ψb〉〈ΨaΨb〉 is sym-
metric under the exchange of the a and b indices, and
therefore the sin(ωabt) term vanishes, leaving out only
the term cos(ωabt) term, which is even in t.
Given that |Ψ(t)〉 = ∑a Ψa(t)|ψa〉 with Ψa(t) =
exp(−iEat/~)Ψa and Ψa ∈ R, one has Ψa(−t) = Ψ∗a(t)
– namely time reversal amounts to simple conjugation of
the coefficients of the decomposition on the Hamiltonian
eigenbasis, or, equivalently, to conjugation of the coeffi-
cients of the decomposition on the basis |φ〉. Consider
then the Schmidt decomposition of the evolved state
|Ψ(t)〉 =
∑
p
λp(t)|ap(t)〉 ⊗ |bp(t)〉 (A5)
where λp ∈ R. If the basis |φ〉 admits the factorized form
|φA〉⊗|φB〉, then the basis of the Schmidt decomposition
|ap(t)〉 (resp. |bp(t)〉) can be decomposed on the basis
|φA〉 (resp. |φB〉) as |ap(t)〉 =
∑
l ϕ
(A)
p,l (t)|φ(A)l 〉 (resp.
|bp(t)〉 =
∑
l ϕ
(B)
p,l (t)|φ(B)l 〉). The fact that |Ψ(−t)〉 is
related to |Ψ(t)〉 by conjugation of the coefficients of the
decomposition on the |φ〉 basis implies that ϕ(A)p,l (−t) =
(ϕ
(A)
p,l )
∗(t) and ϕ(B)p,l (−t) = (ϕ(B)p,l )∗(t), but that λp(−t) =
λp(t). Given that the entanglement entropy only depends
on the Schmidt coefficients λp as SA = −
∑
p λp log λp,
we conclude that it is invariant under time reversal.
2. Discussion
The hypotheses of the above theorem are satisfied by
the initial state |Ψ(0)〉 we choose in this work, as well as
by the αXX Hamiltonian HαXX, due to its time-reversal
symmetry - the basis |φ〉 is just provided by the compu-
tational basis of eigenstates of the Szi operators. All the
observables of interest to this work - namely correlation
functions - also satisfy the hypothesis of real valuedness
on the same basis. Finally the computational basis is
fully factorized, namely it is factorized for any spatial
A-B bipartition.
The above result amounts to say that the Hamiltonians
HαXX and −HαXX generate the same dynamics for the
observables of interest to this work starting from the cho-
sen state |Ψ(0)〉. This is a remarkable fact, given that the
two Hamiltonians have quite different low-energy prop-
erties: HαXX is ferromagnetic and not frustrated, while
−HαXX is antiferromagnetic and strongly frustrated due
to the long-range nature of the couplings.
Appendix B: Details on the spin-wave approximation
In this section we provide additional details on the
semi-classical approximation used to study the dynam-
ics of the α-XX model of Eq. (1) of the main text.
1. Assumptions behind spin-wave theory
The quench dynamics we studied starts from the mean-
field ground state of the α-XX model, |Ψ(0)〉 = | ↑x〉⊗N .
Under the mean-field approximation Sβi S
β
j ≈ Sβi 〈Sβj 〉 +
〈Sβi 〉Sβj − 〈Sβi 〉〈Sβj 〉, the chosen initial state does not
evolve, because 〈Syj 〉 = 0, so that the mean-field Hamil-
tonian is proportional to the Sxi operator. Our semi-
classical treatment of the ensuing dynamics (based on
linear spin-wave - LSW - theory) goes beyond the mean-
field approximation, but it relies on the hypothesis that
the full many-body state remains close to the initial state
throughout the evolution – in other words, the quantum
fluctuations building up on top of the mean-field state are
8weak at all times. Since the initial state breaks the ro-
tational symmetry of the system - and the evolved state
inherits the symmetry breaking - this approach tacitly
implies that symmetry breaking is observed at sufficiently
low energy in the system, corresponding to the excitation
energy of the mean-field ground state with respect to the
actual ground state of the system. We shall explicitly
test this assumption below.
Finally we observe that any finite spin system, al-
though prepared in an initial state that breaks the sym-
metry of the Hamiltonian, is expected to undergo a de-
polarization dynamics which restores this symmetry, and
this aspect is obviously not captured by our calculations.
Nonetheless the explicit object of our study is not the
evolution of the average collective spin - which is absent
within our approach - but rather the evolution of the fluc-
tuations around the instantaneous average value, which
is therefore tacitly assumed to be essentially independent
of the average value; or alternatively it is assumed to oc-
cur on much faster timescales than the dynamics of the
collective spin. This latter assumption is well justified
in the limit N → ∞, as the collective spin relaxes over
time scales that grow linearly with system size – reflect-
ing a characteristic energy scale of order O(1/N) for the
collective-spin excitations, related to the so-called An-
derson’s tower of states [37]. On the other hand, the
frequencies of the LSW excitations do not scale with sys-
tem size, so that the dynamics of fluctuations around the
average value can completely decouple from that of the
average in the N →∞ limit.
2. Details of the spin-wave approach
To describe weak quantum fluctuations around the
mean-field state one can introduce the linearized
Holstein-Primakoff (HP) transformation, mapping spins
onto bosons, and describing small deviations around the
mean-field state:
Sxi = s− b†i bi
Syi =
√
2s
bi − b†i
2i
[
1 +O
(
b†i bi
2s
)]
Szi = −
√
2s
bi + b
†
i
2
[
1 +O
(
b†i bi
2s
)]
. (B1)
The linearization of the HP transformation to treat
the dynamics of the system requires therefore that
〈b†i bi〉(t)  2s at all times. To study the dynamics we
rewrite the Hamiltonian in terms of the HP bosons drop-
ping all terms beyond quadratic in the b
(†)
i ’s operators,
and obtaining (up to a constant energy that we neglect):
H(2) = Js
∑
i,j
(b†iAijbj+biAijb
†
j+biBijbj+b
†
iBijb
†
j) (B2)
where
Aij = δij
∑
j′(6=i)
r−αij′ − r−αij /2
Bij = r
−α
ij /2 . (B3)
Assuming translational invariance we intro-
duce the Fourier transformed Bose operators
bk = N
−1/2∑
j e
−ik·rj bj , where N is the number
of spins, together with the Fourier transform of the
interaction γk =
∑
j e
ik·rjr−α0j . With these notations,
the Hamiltonian in momentum space takes the form:
H(2) = (1/2)
∑
k
(
b†k b−k
)(Ak Bk
Bk Ak
)(
bk
b†−k
)
(B4)
with Ak = 2sJ(γ0 − γk/2) and Bk = sJγk. The above
Hamiltonian is then diagonalized by a Bogoliubov trans-
formation [38] : bk = ukβk − vkβ†−k, with Bogoliubov
coefficients uk = sign(bk)[(Ak/ωk + 1)/2]
1/2 and vk =√
u2k − 1, where we have introduced ωk =
√
A2k −B2k =
2sJγ0
√
1− γkγ0 . Since ωk=0 = 0, the symmetry-restoring
k = 0 mode cannot be treated on the same footing as
the others. We have simply discarded the k = 0 sector
in all our calculations, a procedure which does not affect
the results in the thermodynamic limit (an alternative
procedure would correspond to gap the k = 0 mode with
a term which vanishes in the thermodynamic limit, pro-
viding similar results). Finally, we obtain an effective
Hamiltonian (dropping a constant ground-state energy):
Heff =
∑
k
ωkβ
†
kβk . (B5)
To obtain the physical properties at a given time t, we
work in Heisenberg representation:
bk(t) = ukβk(t)− vkβ†−k(t)
= ukβk(0)e
−iωkt − vkβ†−k(0)eiωkt
=
[
cos(ωkt)− iAk
ωk
sin(ωkt)
]
bk(0)
−iBk
ωk
sin(ωkt)b
†
−k(0) (B6)
where on the last line we used u2k = (1/2)(Ak/ωk + 1),
v2k = (1/2)(Ak/ωk − 1) and 2ukvk = Bk/ωk. Since the
initial state is the vacuum of the b’s operators, it trivially
satisfies Wick’s theorem [38] for the b(†)(0) operators. As
b(†)(t)’s operators are linear combinations of the b(†)(0)’s,
Wick’s theorem is then satisfied at any time. As a con-
sequence, in a translationally invariant system all the in-
formation required to reconstruct the physical properties
is contained in the one-body correlators:
〈b†kbk〉(t) =
(
Bk
ωk
)2
sin2(ωkt) (B7)
〈bkb−k〉(t) = −AkBk
ω2k
sin2(ωkt)− i Bk
2ωk
sin(2ωkt) .(B8)
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FIG. 4. Stability of the spin-wave approximation (s = 1/2).
(a) r of Eq. (B10) as a function of t/τ with τ = (2sJγ0)
−1 in
d = 2 (Lx = Ly = 200). Dotted lines are the value r∞ of Eq.
(B11). (b) r∞, evaluated in 1d (L = 10000), 2d (Lx = Ly =
200) and 3d (Lx = Ly = Lz = 30).
3. Maximum group velocity for d+ 2 . α
Here we calculate explicitly the divergence of the group
velocity around k = 0 when α approaches d + 2 from
above.
c(α)
2Js
= lim
δk→0
1
δk
√
γ0
√
γ0 − γ(δk,0,0..)
= lim
δk→0
1
δk
√
γ0
(
(δk)2
2
∑
r
x2
rα
+ ...
)1/2
∼
√
1
α− d− 2
(B9)
where kx = k · r, and the lattice sum has been ap-
proximated with an integral. The prefactor of the
1/
√
α− d− 2 divergence depends on the dimension d.
The above calculation shows the expected divergence for
α→ (d+ 2)+.
4. Validity condition of spin-wave theory
The LSW approach to the dynamics is justified under
the condition
r(t) =
1
2sN
∑
k
〈b†kbk〉(t) 1 . (B10)
Since 〈b†kbk〉(t) does not depend on s, one immediately
sees that the spin-wave approximation becomes exact in
the limit of large s.
The factor r(t) is generally found to grow with t (see
Fig. 4(a)), so that the worst-case scenario to test the
consistency of LSW theory can be found in the limit t→
∞. In this limit, as well as in the N → ∞ one, the r
factor takes the form:
r(∞) ≈ 1
4sN
∑
k
(
Bk
ωk
)2
(B11)
≈ 1
4s
∫
BZ
ddk
(2pi)d
(
Bk
ωk
)2
, (B12)
where we have replaced sin2(ωkt) by 1/2, since oscilla-
tions at nearby frequencies are dephased at long times
and only the average survives. The momentum integra-
tion runs over the Brillouin zone (BZ).
Fig. 4(b) shows r(∞) for finite-size lattices as a func-
tion of α in dimensions d = 1, 2, 3, and in the extreme
quantum case s = 1/2. To put these results in perspec-
tive one can notice that:
1. for α < d, Bk/ωk = (γk/2γ0)/
√
1− γk/γ0 goes to
zero when N →∞ at any nonzero k, since γ0 →∞
while γk is finite. On the other hand, Bk/ωk has
a finite limit for k = 0. As a consequence r(∞)
vanishes for α < d, corresponding to a mean-field
regime, identical (in the thermodynamic limit) to
the α = 0 limit, where the dynamics occurs only in
the collective spin k = 0 sector;
2. for α > d, if the exact value of the integral in
Eq. (B12) must be evaluated numerically, one can
easily identify the condition under which it is con-
vergent in the infrared, validating the LSW ap-
proach. Since Bk=0 is finite, the condition requires
1/ω2k to grow at small k more slowly than k
−d. If
ωk ∼ kz with z the dynamical exponent, the con-
vergence requires z < d/2. As discussed in the
main text, z = 1 for α ≥ d + 2 and z = (α − d)/2
for d ≤ α ≤ d+2 [26]. The convergence is hence al-
ways guaranteed in d = 3, in d = 2 for α < 4 (with
a logarithmic divergence for α ≥ 4), and in d = 1
for α < 2. Due to the weak logarithmic divergence
of r(∞), LSW remains quantitative on sufficiently
small sizes for α = 2 in d = 1, and for α > 4 in
d = 2.
We notice that the above conditions of validity of LSW
theory in the pre-thermalized state are more restrictive
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than the condition that the theory has to satisfy at zero
temperature - which reads z < d, always satisfied in d = 2
and 3, and satisfied for α < 3 in d = 1. On the other
hand, the condition z < d/2 is the same as the one guar-
anteeing the validity of LSW theory at finite temperature
T – which requires the thermal correction to the order
parameter
1
N
∑
k
(u2k + v
2
k)〈β†kβk〉 ≈
kBT
N
∑
k
Ak
ω2k
(B13)
to be finite. Even though the pre-thermalized state is not
a thermal one, it shares with a thermal state the property
of being at finite energy density.
5. Correlation functions and entanglement in LSW
theory
Here we provide more details on the LSW expression
for the various correlation functions studied in this work.
Making use of Eqs. (B8) and (B1), the structure factor
for the z component of the magnetization takes the form:
Szzk =
1
N
∑
ij
〈Szi Szj 〉eik(rj−ri)
≈ s
2
〈(bk + b†−k)(b−k + b†k)〉
=
s
2
[
2<〈bkb−k〉+ 2〈b†kbk〉+ 1
]
=
s
2
[
1− γk
γ0
sin2(ωkt)
]
(B14)
which corresponds the expression given in Eq. 3 of the
main text. A similar calculation for the yy correlations
gives:
Syyk (t) =
s
2
[
1 +
γk
γ0 − γk sin
2(ωkt)
]
(B15)
The calculation of the entanglement entropy within
LSW theory is well established, and based on the evalu-
ation of the correlation matrix – we refer the reader to
Ref. [39] for the details.
Appendix C: Quantum field-theory description of
the long-range XX model
The XX model is a fundamental model of strongly in-
teracting bosons with translational as well as particle-
hole symmetry. As it displays a gapless spectrum and
algebraic correlations, its long-wavelength properties are
expected to be correctly described via a quantum field
theory in continuum space. In the case of short-range
interactions the quantum-field theory corresponds to the
quantum O(2) model for a complex scalar field ψ(r, τ),
whose action reads
A =
∫ β
0
dτ
∫
ddx
(|∂τψ|2 + |∇ψ|2 + r|ψ|2 + u|ψ|4) .
(C1)
The above action can be obtained explicitly [40, 41] by
mapping the quantum spins onto bosons via an HP trans-
formation (with quantization axis along z) giving rise
to a Bose-Hubbard-like model; using the coherent-state
path-integral representation for the partition function of
the bosonic model; and applying a Hubbard-Stratonovich
transformation via the introduction of the auxiliary field
ψ. The case of long-range interactions decaying as 1/rα
in the spin model corresponds to long-range hopping in
the bosonic model. The Hubbard-Stratonovich transfor-
mation leads to an effective action for the auxiliary field
with a quadratic part given by [41]∫
dτ
∑
ij
ψ∗i (τ) J˜
−1
ij ψj(τ) (C2)
where
J˜−1ij =
1
N
∑
k
eik·(ri−rj)
K + γk
(C3)
where K is a positive constant such that K + γk > 0,
namely K > maxk |γk|, and γk is the Fourier transform
of the 1/rα interaction. A Taylor expansion of the nu-
merator gives then∫
dτ
∑
ij
ψ∗i (τ) J˜
−1
ij ψj(τ)
=
1
K
∫
dτ
∑
i
|ψi|2 − 1
K
∑
ij
ψ∗i ψj
rαij
+O(γk/K)2

≈
∫
dτ
∫
ddr
(
a|ψ|2 + b|∇ψ|2 + ...)
− v
∫
dτ
∫
ddr ddr′
ψ∗(r, τ)ψ(r′, τ)
|r − r′|α (C4)
In the last term the first part (containing a single spatial
integral) reproduces the short-range part of the coupling
for the auxiliary field, while the double integral captures
the long-range part. Therefore, upon proper rescaling of
the coefficients, the inclusion of long-range interactions
amounts to adding the v term to the effective action of
Eq. (C1).
Moving to k-space and Matsubara frequencies, the ac-
tion of the long-range interacting system takes the form
[42]
A =
∫
dω
∫
ddk
(2pi)d
[
q2 + ω2 + r + v′qσ
] |ψ(k, ω)|2
+ Aint (C5)
where Aint contains the terms beyond quadratic, and
σ = α − d. Far from its quantum critical point, the
11
−pi/l 0 pi/l0
l fq(A)
FIG. 5. Form factor fA(q) (Eq. (D3)) in d = 1, here for
lA = 100 and L = 10
4. When A is large, one can approximate
fA(q) by a step-like function enclosing the shaded area, which
has the same integral 2pi/lA as the fA function.
action can be treated within the Gaussian approxima-
tion [43] (which represents the field-theory analog to the
LSW approach we relied upon); in this case a RG treat-
ment by simple dimensional analysis shows that the long-
range interaction term v′qσ is relevant (and the q2 term
irrelevant) when σ < 2, namely for α < d + 2. Under
this circumstance the quantum field theory loses there-
fore Lorentz invariance, and z = σ/2 < 1 acquires the
role of new dynamical critical exponent.
As it is not our purpose to investigate the quantum
critical point of the long-range quantum O(2) model, we
can stop our analysis at the level of the Gaussian ap-
proximation. In the case of the long-range quantum O(1)
model – describing the quantum phase transition of the
long-range Ising model in a transverse field – a perturba-
tive RG analysis can be found in Ref. [16].
Appendix D: Pre-thermalization dynamics in a
subsystem
The LSW approach, neglecting interactions among the
spin waves, is unable to describe a true thermalization
process. This is explicitly manifested in the expressions
in Eq. (B8), (B14) and (B15): the different Fourier
components of the structure factor show persistent os-
cillations at a frequency 2ωk without any form of relax-
ation. Nonetheless, if one looks at the structure factor
in a subsystem, the dephasing of oscillations at nearby
frequencies leads to a pre-thermalization process, driving
the subsystem towards a generalized Gibbs ensemble [31],
with a different (generalized) “temperature” for each k
component. It is the purpose of this section to provide
additional details on this pre-thermalization dynamics.
1. Relaxation of the fluctuations in a subsystem
Considering a subsystem A, it is convenient to intro-
duce a weight function wA(i), weighting sites i belonging
to A. If A contains NA sites, the most obvious choice
is wA(i) = 1/
√
NA if i ∈ A and 0 otherwise, but the
following expressions are more general. The structure
factor for the fluctuations of the spin component Sβ in
the subsystem A then reads :
SββA (k) =
∑
ij
wA(i)wA(j)〈Sβi Sβj 〉eik·(rj−ri)
=
1
N
∑
ij
wA(i)wA(j)
∑
q
Sββ(q)ei(k−q)·(rj−ri)
=
1
N
∑
q
fA(q)S
ββ(k + q) (D1)
where we have introduced the form factor
fA(q) =
∣∣∣∣∣∣
∑
j
eiq·rjwA(j)
∣∣∣∣∣∣
2
. (D2)
Typically, if A has linear size lA, fA(q) selects wavectors
in the range k ±∆k with ∆k ≈ pi/lA.
Let us first consider the case d = 1, postponing the
case d > 1 to the next subsection. If wA(i) selects sites
inside a segment of length lA, one has
fA(q) =
1
lA
sin2(qlA/2)
sin2(q/2)
(D3)
and fA(k = 0) = lA. The relaxation of the fluctuations
at wavevector k in a subsystem then results from the
dephasing of nearby frequencies around the “carrier” ωk.
One expects such a dephasing mechanism to be effective
after a timescale given by the inverse bandwidth of the
frequencies involved in the subsystem dynamics, namely
t∗k ∼
1
2|ωk+∆k − ωk| ∼
1
2∆k|∂ωk/∂k| ∼
lA
2|vG(k)|(D4)
with vG(k) = dωk/dk the group velocity. One thus re-
covers the typical timescale for the damping of subsys-
tem fluctuations at wavevector k as discussed in the main
text.
More quantitatively, in the limit N →∞, one has
SββA (k) =
∫
BZ
dq
2pi
fA(q)S
ββ(k + q) (D5)
For a sufficiently large A subsystem, fA(q) is peaked
around q = 0, with
∫
BZ
(dq/2pi)fA(q) = 1. It is therefore
legitimate to approximate fA(q) by a simple step func-
tion fA(q) = lA for −pi/lA < q < pi/lA and fA(q) = 0
otherwise, as illustrated on Fig. 5.
Within this approximation, one obtains
SββA (k) =
lA
2pi
∫ pi/lA
−pi/lA
dq Sββ(k + q) . (D6)
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FIG. 6. Relaxation of the subsystem structure factor in d = 1.
Here, L = 104, lA = 50 and α = 2. Dots are the exact
expression from Eq. (D1), while lines are the approximate
expression from Eq. 5 of the main text. Time is expressed in
units of τ = (2sJγ0)
−1. Vertical dashed lines mark the times
t∗k = l/2vG(k).
From Eqs. (B14) and (B15), one sees that the structure
factor Sββ(k) has the form
Sββ(k, t) = S¯ββ(k) + gββk cos(2ωkt) . (D7)
E.g. for β = z we obtain:
S¯zz(k) =
s
2
(
1− γk
2γ0
)
gzzk =
sγk
4γ0
. (D8)
As the strongest dependence of Sββ(k + q, t) on q comes
from the cosine term, in the integral over q we can ap-
proximate all other q−dependent terms with their value
at q = 0. This reduces the calculation of Eq. (D6) to the
following integral:
lA
2pi
∫ pi
lA
− pilA
dq cos(2ωk+qt) ≈ <
[
lA
2pi
∫ pi
lA
− pilA
dq e2it(ωk+q∂kωk)
]
= cos(2ωkt)
sin(2pi∂kωkt/lA)
2pi∂kωkt/lA
. (D9)
This leads to Eq. (5) of the main text (for the case d =
1). We observe that the damping term sinc(pit/t∗k) comes
from the dephasing of nearby frequencies, leading to an
effective pre-thermalization within the subsystem.
As illustrated in Fig. 6, Eq. (5) of the main text re-
produces perfectly the relaxation dynamics up to t = t∗k.
At t > t∗k, the approximate expression of Eq. (5) predicts
small revivals of the oscillations which are not observed
with the complete expression of Eq. (D1).
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FIG. 7. Scaling of the variance of the collective spin SyA in
d = 2 for α = 3. A is a square region of size l × l in a torus
of size 10l × 10l, with l = 8, 16, 24, 32. Time (in units of
τ = (2sJγ0)
−1) is rescaled to lz, while 〈(SyA)2〉 is recaled to
ld+2z, with d = 2 and z = 1/2. This plot should be compared
with Fig. 3(b) of the main text where the variance of SzA is
plotted.
2. Multi-speed relaxation for d > 1
The above considerations generalize readily to the case
d > 1. Considering a (hyper-)tetragonal subsystem of
size lA,1 × lA,2 × . . . , one obtains Eq. (5) of the main
text, which we repeat here for completeness:
SzzA (k) = S
zz
A (k,∞) + gk cos(2ωkt)
d∏
a=1
sinc[pit/t∗k,a]
(D10)
with t∗k,a = lA,a/(2∂kaωk). The sinc term leads therefore
to damping of the oscillations on a characteristic time
scale t∗k = mina t
∗
k,a. An important qualitative difference
with respect to the 1d case is that, even if the dispersion
relation is linear at low frequency, ωk = ck (as it is found
for α > d + 2), the group velocity has several compo-
nents vG,a(k) = ∂kaωk = cka/k, and the minimal tk,a
depends on the orientation of the k vector with respect
to the coordinate axes of the subsystem. In the case of
an hypercube ldA, one has
t∗k =
lA
2c
k
maxa ka
(D11)
which, depending on the orientation of k, ranges between
l/2c and (l/2c)
√
d.
3. Scaling forms for the evolution of the collective
spin on a subsystem
We have seen in the main text that the evolution of
the subsystem structure factor at k = 0 for the z spin
component is compatible with the following Ansatz
〈(SzA)2〉 = ldA fz(t/lzA) (D12)
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FIG. 8. Test of the mode-decomposition Ansatz for the
growth of entanglement entropy in d = 1. A is a subsys-
tem of length lA = 400 in a total system of size L = 16000.
Symbols represent the LSW results, while solid lines are the
predictions of Eq. (6) of the main text.
for the evolution of the variance of the collective spin
component SzA – namely, a volume-law scaling at all times
(including the initial state).
On the other hand, the variance of SyA is found to relax
towards a super-extensive value ∝ ld+2zA – while it obeys
a volume-law scaling in the initial state at t = 0. At ther-
mal equilibrium LSW predicts the same super-extensive
scaling, which is therefore expected to hold for temper-
atures compatible with spontaneous symmetry breaking
(namely, the hypothesis underlying LSW theory). The
following scaling Ansatz
〈(SyA)2〉(t)− 〈(SyA)2〉(0) = ld+2zA fy(t/lzA) (D13)
regroups together this observation as well as the diver-
gence of the group velocity, and it is found to be verified
by the LSW data, as illustrated on Fig. 7 for α = 3 in
d = 2. Incidentally, this scaling form demands that 2z be
smaller than d, as it is impossible that the collective spin
fluctuations scale faster than the square of the volume,
which the same criterium of stability of LSW approxi-
mation, required by the convergency of the r∞ in Eq.
(B11).
4. Mode-decomposition Ansatz and short-time
behavior for the entanglement entropy
In this section we provide more details on the mode-
decomposition Ansatz for the entanglement entropy,
Eq. (6) of the main text. Its strict validity - even in the
context of the LSW approximation - can only be assumed
in the limit in which subsystem A becomes very large,
so that the subsystem excitations can be identified with
those excitations of the bulk system whose wavelength is
commensurate with the linear dimensions of the subsys-
tem itself; and the populations of the subsystem modes
0 200 400 600 800 1000
t(τ)
0.00
0.01
0.02
0.03
0.04
0.05
0.06
S
A
/
ld
α= 2. 1
α= 2. 7
α= 3. 3
α= 3. 9
FIG. 9. Test of the mode-decomposition Ansatz for the
growth of entanglement entropy in d = 2. A is a 150 × 150
cylinder in a 150×1500 torus. Lines and symbols as in Fig. 8.
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FIG. 10. Power-law growth of entanglement entropy in time
for d = 2. A is a 150 cylinder in a 150× 1500 torus. Entropy
is rescaled to the asymptotic value expected from the GGE
prediction (see text). Dashed line shows S ∼ t.
can be deduced from those of the bulk excitations, as
fixed by the initial conditions of the quench.
In order to minimize the finite-size effects of subsys-
tem A, its ideal geometry is that of a slice of a L1×Ld−12
hyper-torus of size lA × Ld−12 (lA < L1). In this case
finite-size limitations to the applicabiity of Eq. (6) only
appear in the ”short” direction (of length lA) which is
perpendicular to the A-B cut - this particular geometry
is also very helpful in the numerical calculation of the en-
tanglement entropy, as the correlation matrix necessary
to reconstruct it [39] is block-diagonal in the wavevector
longitudinal to the cut. In this geometry, for d > 1 the
time scale t∗k associated to the buildup of the entropy
in mode k is to be modified to t∗k,⊥ = lA/2|v⊥|, where
v⊥ = ∂k⊥ωk is the component of the group velocity per-
pendicular to the A-B cut; indeed only the propagation of
the modes perpendicular to the cut is responsible for the
entangling dynamics of the A and B subsystems. Figs. 8
14
16
reads :
Szzk /(s/2) = 1 
 k
 0
sin2 !kt (H3)
From the structure factor, the k dependent correla-
tion function Ck of Eq. (H5) is easily deduced. Introduc-
ing a function fq(A) = N
 1
A |
P
j2A e
iqrj |2, and taking B
the translation of A by a vector r, one obtains [26]
Ck(r, t) =
1
N
X
q
e iqrfq(A)Sk+q(t) (H4)
If A has a linear size l, fq(A) selects mainly wavevectors
between k ± ⇡/l [26]. For r = 0, (H4) is simply the
structure factor Sk for the fluctuations at wavevector k
in A subsystem.
Relaxation scenario for LR interactions.— The instan-
taneous build up of correlations at large distances is a
consequence of the divergency of the maximal group ve-
locity of the quasiparticles for a su ciently slow decay of
the interactions [8, 14–16, 28]. On the other hand, one
would naively expect that if correlations build up faster,
entanglement entropy should grow faster as well, which is
not the case. In this paper, we propose a physical expla-
nation for the paradoxical slowing down of entanglement
entropy growth, based also on the concept of quasipar-
ticles. We argue that the growth of entanglement en-
tropy in a subsystem is a relaxation process involving
timescales ranging from zero (for the fast modes) to in-
finity (for the slow modes). This scenario is pictorially
illustrated on Fig. 1.
More precisely, we argue that fluctuations at wavevec-
tor k in a subsystem of linear size l relax on a timescale
t⇤k = l/2vG(k), vG(k) = @!k/@k being the group velocity.
t⇤k is the time required for the quasiparticles at wavevec-
tor k emitted in the middle of the subsystem to travel
across it. The interpretation of the growth of entangle-
ment entropy as a relaxation process involving fluctua-
tions at all wavelengths, together with the crucial study
of the associated timescales varying the range of interac-
tions, is the main result of the present paper, and is sup-
ported by analytical and numerical calculations on the
↵-XX model (defined by Eq. (1) below) presented on Fig.
17. To complement our study and give further support to
the physical scenario invoked, we propose a novel analysis
of the space-time buildup of correlations in a many-body
system, refining the tools used previously to character-
ize their out-of-equilibrium dynamics. As showed on Fig.
18, we show that the di↵erent velocities involved in the
buildup of correlations among distant (extended) subsys-
tems can be revealed in a space-time picture, by looking
at the (k -dependent) correlation function :
Ck(r, t) = hS  k(A)S k (B)i(r, t) (H5)
where S k (A) = N
 1/2
A
P
j2A e
ikrjS j , with A a subsys-
tem of volume NA, and similarly for B. r is the vector
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FIG. 15. Illustration of the correlations probed by Ck(r, t) in
Eq. (H5). A and B are two extended subsystems separated by
a distance r along the direction of k. If A and B have a width
of l, Ck(r, t) contains modes ranging ⇠ ⇡/l away from k. The
time needed for such correlations to build up is r/2vG(k).
separating A and B, and S j some local observable, typ-
ically the density or some component of the magnetiza-
tion. The quantity Ck of Eq. (H5) probes the correla-
tions of the fluctuations at a given wavevector k among
two distant subsystems, as pictorially illustrated on Fig.
15. We find that the time needed for these correlations
to build up after the quench, is precisely r/2vG(k), in
agreement with the intuition that such correlations ap-
pear when each twin of an entangled pair of counterprop-
agating quasiparticles, emitted halfway between A and
B at wavevector k, reaches the respective subsystems.
Evidently, if A or B have a linear size l, Ck contains
in fact a family of wavevector ranging ⇠ 1/l away from
k. Essentially, by considering correlations among subsys-
tems containing a single spin / lattice site, the present
literature has thus been probing correlations at all wave-
lengths at the same time [4, 8, 9, 11–17], which indeed
contains all the relevant information for short-range in-
teractions, where in one dimension, the low energy dy-
namics is dominated by a single velocity [7]. However, for
LR interactions, this is not su cient, and even mislead-
ing, because some vG(k0) typically diverges [8, 14–16, 28],
while vG(k 6= k0) remain finite, so that the vast majority
of the modes at k 6= k0 have a much slower dynamics
than the k = k0 sector of the fluctuations.
Relaxation dynamics in a subsystem.— On Fig.
17(a,b), we compare the time evolution of Sk and of
entanglement entropy S for a square subsystem in two
dimensions, for intermediate-range [↵ = 3, dynamical
exponent z = 0.5, Fig. 17(a)] and short-range [↵ = 100,
z = 1, Fig. 17(b)] interactions. It is clear from this
calculation that at ↵ = 3, a wide variety of time scales
are involved in the relaxation of the di↵erent k modes
of the fluctuations, all contributing to the growth of en-
tanglement entropy, thereby illustrating the multi-speed
aspect of entanglement spreading discussed throughout
this paper. On the other hand, for ↵ = 100, all modes
(at least all modes not too far from k = 0) relax on
the same typical timescale t⇤ = l/2c, with c the max-
imal group velocity. Hence, after typically t⇤, entan-
glement entropy has also essentially attained its final
value. Je n’ai pas discute´ le fait que l’Ansatz
de la croissance de l’entropie d’intrication comme
somme sur les di↵e´rents modes, bien connu pour
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FIG. 11. Sketch of the Czzk (Ai, Aj) correlations between two
subsystems.
and 9 confirm the validity of the decomposition Ansatz,
as well as the ch ice of the scaling function f for d = 1
and d = 2 respectively.
The linear dependence of the function f(t/t∗k) on time
may na¨ıvely suggest that the overall time dependence of
the entanglement entropy at short times is always lin-
ear. This is generally true if the time scale t∗k,⊥ ad-
mits a non-zero lower bound t∗min > 0: for t < t
∗
min all
modes contribute a linearly growing entropy up to time
t∗min. Such a condition is verified when z = 1, namely for
α > d + 2: there t∗min = lA/(2c). In this case, Eq. (6)
of the main t xt shows indeed that the entropy grows
linearly in time, with a prefactor proportional to the
boundary of A, SA(t) ∼ ld−1A t. On the other hand when
α < d+2 c(α)→∞ so that the lower bound on the time
scales vanishes, t∗min → 0. This mea s that for a bitr rily
short times (in the thermodynamic limit) one can always
find some modes k that contribute non-linearly to the
entanglement entropy, as their contribution has already
saturated (for t > tk,⊥). Ther fore in this regime one
can expect a ublinear growth of entanglement.
The above expectations appear to be verified in Fig. 10.
There we observe that the short-time evolution of the en-
tanglement entropy in a d = 2 system appears generally
c mpatible with a power-law behavior SA ∼ tx. If α > 4,
a linear growth of entanglement entropy is clearly ob-
s rved at short times; in particular, when rescaling time
to τ = lA/(2Jsγ0) – where 2Jsγ0 sets the bandwidth of
the dispersion relation – the short time behavior becomes
nearly independent of α. On the other hand for α < 4
our d ta cle rly indicat s th t x < 1.
Appendix E: Buildup of correlations among distant
extended subsystems
In this section, we pro ide additional details concern-
ing the space and time dependence of the k-dependent
correlation function Czzk (Ai, Aj) = 〈δSzk,AiδSz−k,Aj 〉.
The la ter was introduced in the main text in order to
probe th co relation among the k Fourier components
of the magnetization profile on two equivalent subsys-
tems Ai and Aj of linear size lA, as a function of their
spatial separation rij – see Fig. 11 for a sketch.
Along the same line as the calculations discussed in
Appendix D 1, one finds that
Czzk (Ai, Aj) =
1
N
∑
q
e−iq·rijfA(q)Szz(k + q, t) (E1)
where fA(q) is the form factor of the two equivalent sub-
systems. Replacing the latter with a window function in
the limit lA  1 (see Fig. 5), the momentum integration
delivers
Czzk (r, t) ≈
fA(k)
2
{
e2iωkt
d∏
a=1
sinc
[
pi
lA
(2vG,a(k)t− ra)
]
+ e−2iωkt
d∏
a=1
sinc
[
pi
lA
(2vG,a(k)t+ ra)
]}
.(E2)
The product of the sinc functions implies that Czzk (r, t)
is peaked around r = ±2vG(k)t, namely it exhibits cor-
el tion fronts moving ballistically in space a ±2vG(k).
This result agrees with the physical intuition that cor-
relations at wavevector k between two subsystems ap-
pear when they are reached by a pair of quasiparticles
of wavevector k, emitted halfway between them, and
counter-propagating ballistically at speeds ±vG(k).
This result shows that the dynamics of the k-
d pendent correlations among two extended subsystems
exhibits a multiple light-cone structure, related to the dis-
persion of group velocities. Each correlator Czzk (r, t) pos-
sesses a different light-cone dynamics, and the “causal
cone” of correlations spreads only along the vector di-
rection of the group velocity. All these aspects are cap-
tured by Fig. 12, showing moreover that, for z < 1, the
k-dependent light cone becomes “curved” for k = 0, re-
vealing the onlin r dispersion relation ω ∼ kz; and
moreover the correlation fronts acquire an approximate
spherically symmetric structure in the long-time limit.
Appendix F: Time dependent DMRG simulations
In this section we provide more details about the
time-dependent simulations based on the density-matrix
renormalization group (DMRG). The time-dependent
DMRG [44–47] is an efficient algorithm to study the
static and dynamical properties of quantum systems in
one dimension. Our calculations have been performed
for a chain of L = 30 sites, taking as initial state for the
evolution the ground state of the fully connected Hamil-
tonia (α = 0):
H0XX = −J
∑
i,j
(
Sxi S
x
j + S
y
i S
y
j
)
. (F1)
which has quantum numbers Stot = N/2 and S
z
tot = 0
for the collective spin operator. This state is a projection
onto the Sztot = 0 sector of Hilbert space of the perfectly
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FIG. 12. Space-time visualization of the multi-speed correlations spreading with α = 3 interactions in d = 2. False colors
represent correlations Czzk (r, t) for A1 and A2 corresponding to two 10 × 10 subsystems (within a 420 × 420 total system)
connected by the distance vector r = (x, y). Time is expressed in units of τ = (2Jsγ0)
−1. (a) The k = (0, 0) correlations spread
in time with a superballistic front propagation, r ∼ t2; they develop a nearly spherical front at long times. (b) Correlations at
k = (pi/5, 0) and (c) k = (3pi/5, 0). At finite k, we observe a ballistic spreading r ∼ 2vG(k)t along the direction of vG(k).
polarized state | ↑x〉⊗N used in the LSW calculations.
This choice facilitates significantly the DMRG calcula-
tions, allowing us to restrict the time evolution to the
Sz = 0 sector. We then studied the unitary dynamics
generated by the Hamiltonian HαXX for several values
of α in the range [1.5, 2.5]. The time-evolution is based
on a Runge-Kutta 4th order scheme, with a time step of
δt/J = 0.05. We use a variable number of states (up to
800) in order to keep the truncation error smaller than
10−5 at each time step.
